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Abstrat
It is shown that the Riemannian urvature of the 3-dimensional hypersurfaes in spae-time,
desribed by the Wilson loop integral, an be represented by a quaternion quantum operator
indued by the SU(2) gauge potential, thus providing a justiation for quaternion quantum
gravity at the Tev energy sale.
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1 Introdution
In one of his earliest attempts towards a anonial formulation of the gravitational eld, Dira
desribed the propagation of 3-dimensional spae-like hypersurfaes in spae-time along an or-
thogonal time-like diretion. The resulting non-zero Hamiltonian allowed the onstrution of the
anonial equations, whose solutions desribe the evolution of a speial spae-time foliation given
by by 3-dimensional spae-like hypersurfaes [1℄. Sine that proedure is not ompatible with the
dieomorphism invariane of general relativity, the next logial step was to dene a ovariant foli-
ation. For that purpose Arnowitt, Deser and Misner onsidered an arbitrary propagation diretion
in spae-time, with a time-like lapse omponent N0, and three spae-line omponents Ni ompos-
ing a shift vetor [2℄. Unfortunately, the presene of the shift vetor implies that the Hamiltonian
vanishes, thus frustrating the intended ovariant anonial formulation. The problem persists even
after applying Dira's proedure for onstrained systems [3℄, essentially beause the Poisson braket
struture is not invariant under the group of dieomorphisms [4℄.
In view of suh negative results, it seemed for a while that a ovariant anonial quantum gravity
program desribing the quantum utuations of 3-hypersurfaes in spae-time was not possible.
However an interesting alternative was proposed by A. Ashtekar, suggesting that a quantized SU(2)
gauge eld ating as an auxiliary variable, may indue the quantization of the gravitational eld
[5℄. Indeed, the Riemann urvature of the 3-dimensional hypersurfaes an be written in terms
of the ane onnetion of the group of holonomy of triads along a losed loop, as given by the
Wilson loop integral [6, 7℄. Sine the holonomy group is isomorphi to SO(3), whih in turn is
isomorphi to the gauge group SU(2), then the quantized SU(2) gauge eld indues the quantization
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of the 3-urvature. However, the mathematial diulties assoiated with the expansion of the
Wilson integral inluding the spin operators after the quantization (ie the Mandelstam inequalities),
eventually led to a dierent route: Sine the SU(2) operators at on two-omponent spinor elds,
then the urvature of the 3-dimensional hypersurfaes an also be expressed in terms of an underlying
projetive spae dened at the Plank sale, as a disrete struture suh as Penrose's spin network.
The present stage of the development of loop quantum gravity, based on suh spin network and
using nite dierene equations, is a urrent mainstream on quantum gravity [7, 8℄.
The purpose of this paper is to present an alternative to loop quantum gravity, based on the
fat that the expression of the 3-dimensional Riemann urvature in terms of the Wilson integral is
independent of the spinor disrete struture. We use the fat that the quaternion algebra is more
fundamental than any of its representations, inluding the spinor representations. This last property
allows us to make an expliit assoiation between the urvature given by the Wilson loop integral
and quaternion quantum mehanis, naturally suggesting the name of quaternion-loop quantum
gravity. The main dierene with the standard loop quantum gravity being that instead of using
a disrete projetive spae struture, quaternion-loop quantum gravity is based on the standard
ontinuum analysis of manifolds. In the next setion we give a very brief review of properties of
quaternion and its 2-omponent spinor representation. In setion 3 we desribe the urvature of
a 3-dimensional hypersurfae in terms of the Wilson loop integral and use the quantization of the
SU(2) gauge eld to express that urvature as a quaternion quantum operator. At the end we give
the example of the 3-dimensional urvatures indued by instanton and anti-instanton gauge elds.
2 Quaternions and Spinors
A ommon textbook explanation on the neessity of the omplex formulation of quantum mehanis
is that it is required to guarantee the ompleteness of the spetrum of eigenvalues of the Casimir
spin operator [9℄. However, sine 2-omponent spinors are vetors belonging to the representation
spae of a representation of the group of automorphisms of the quaternion algebra, the above men-
tioned justiation for omplex quantum mehanis is really a justiation for quaternion quantum
mehanis. It has been suggested that the non-ommutativity of the quaternion algebra may detail
some properties of quantum elds and quantum geometry, whih are not manifestly present in the
simpler omplex quantum theory [10, 11, 12℄.
The quaternion algebra is a Cliord algebra with two generators {e1, e2} satisfying a multipli-
ation table eiej + ejei = 2gije0, e0ei = eie0, e0e0 = e0, where gij are the oeients of a
given quadrati form. It follows that the number of independent produts of the generators is four,
dening the dimension of the algebra. Denoting e3 = e1e2, a general quaternion an be written as
X = X0e0 +X
1e1 +X
2e2 +X
3e3
The multipliation table is invariant under the group of automorphisms e′α = ueαu
−1
, whih is
isomorphi to the SO(3) group. The onjugate of a quaternion is dened by e¯i = −ei, e¯0 = e0,
so that the real part of a quaternion is Re(X) = (X + X¯)/2, and the imaginary (or vetor) part
is Im(X) = (X − X¯)/2. Therefore, quaternions have a norm ||X||2 = XX¯ , and for gij = δij the
norm has the Eulidean expression
||X||2 = X20 +X
2
1 +X
2
2 +X
2
3
The existene of suh norm allow us to onstrut the inverse of a quaternion as X−1 = X¯/||X||2.
It also allows to write ||XY || = ||X||||Y ||, a property of the quaternion algebra whih is shared
with the real and omplex algebras. In fat these are the only known assoiative normed division
algebras, a neessary ondition for the denition of the standard mathematial analysis, inluding
the notions of limit, ontinuity and derivative of a quaternion funtion F (X) of a quaternion variable
2
X. While in general we have that the produt of variations ∆F∆X−1 6= ∆X−1∆F , the division
property says that
lim
∆X→0
∣∣∣∣∆F (X)(∆X)−1∣∣∣∣ = lim
∆X→0
∣∣∣∣(∆X)−1∆F (X)∣∣∣∣ = lim
∆X→0
||∆F (X)||
||∆X||
(1)
so that although the limit operations are well dened, the left and right derivatives need not be
equal. If we impose that they are, then the analytiity onditions beome too restritive to allow
for the denition of some relevant analyti funtions [13℄.
The spinor representations of the quaternion algebra starts with the Pauli matries
σ0 =
(
1 0
0 1
)
σ1 =
(
0 1
1 0
)
σ2 =
(
0 − i
i 0.
)
σ3 =
(
1 0
0 − 1
)
(2)
whih satisfy (for gij = δij) the same quaternion multipliation table σiσj +σjσi = 2δijσ0, σ0σi =
σiσ0, σ0σ0 = σ0. In this representation a general quaternion orresponds to a 2x2 matrix
X = X0σ0 +X
1σ1 +X
2σ2 +X
3σ3 =
(
X0 +X3 X1 − iX2
X1 + iX2 X0 −X3
)
(3)
Reiproally, any 2x2 omplex matrix operator ating on the 2-omponent spinor spae an be also
written as a quaternion operator. A quaternion X an also be expressed in terms of two-omponent
spinors as X = Xµσµ = X
µσµA
B¯ ΨAΨB¯ where the spin-tensor σµA
B¯
are the omponents of eah of
the matries σµ, ΨA are the omponents of the 2-omponent spinors and Ψ
A¯
denotes its Hermitian
onjugate. Therefore, a quaternion an be seen as determined by a more elementary spinor struture.
Using a ombinatorial analysis assoiated with the eigenvalues of the spin Casimir operator, Penrose
postulated a disrete projetive spae, the spin network, whih is a mathematial formulation of
suh underlying struture [14℄.
3 Quaternion-Loop Quantum Gravity
The urvature of the 3-dimensional hypersurfae in the Riemann sense an be evaluated by trans-
porting a tangent vetor eld along a losed loop onsisting of a single ontinuous urve γ, starting
at a point p and ending in the same point. Comparing the result with the original vetor eld at p,
their dierene an be expressed by the Wilson loop integral [12, 15℄
R(Γ) = Pe
H
γ
Γidx
i
, i = 1..3 (4)
where the oeients Γi are the omponents of the ane onnetion ∇ evaluated in a referene
frame (a triad) dened in the hypersurfae. The motion of the triad along the loop haraterizes
the triad holonomy group whih is isomorphi to SO(3). The ordering fator P an be thought
of as an integration onstant. Admitting that Γi are ontinuous funtions of the oordinates along
the loop, the exponential in (4) is a well dened real analyti funtion represented by the standard
exponential onverging positive power series
e
H
γ
Γidx
i
= 1 +
∮
γ
Γidx
i + (
∮
γ
Γidx
i)2 + · · · (5)
The fat that the group of automorphisms of the quaternion algebra is also isomorphi to
SO(3), whih is in turn isomorphi to SU(2), suggests a lassial-quantum orrespondene between
the urvature of the 3-dimensional hypersurfaes in spae-time, expressed as a quaternion operator
and the SU(2) gauge eld. Sine Γi are the omponents of the onnetion of the triad holonomy
group, we may establish this orrespondene as
Γi ←→ i~ Aˆi, i = 1..3 (6)
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where Aˆi are the 3-dimensional omponents of the quantized SU(2) gauge potential. Replaing this
in (4), we obtain the quantum urvature operator of the 3-dimensional hypersurfae
Rˆ(A) = Pei~
H
γ
Aˆidx
i
, i = 1..3 (7)
However, as it was already ommented, the analytiity of a quaternioni exponential funtion
as in (7) is not well dened. Still, it is possible to apply (6) to eah term of the lassial expansion
in the right hand side of (5), thus obtaining a series of quaternion polynomials, whih onverge to
the quaternion exponential [13℄:
ei~
H
γ
Aˆidx
i def
= σ0 + i~
∮
γ
Aˆidx
i − ~2(
∮
γ
Aˆidx
i)(
∮
γ
Aˆjdx
j) + · · · (8)
In the sequene, we notie that the SU(2) gauge potential is a onnetion 1-form written in the
adjoint representation of the SU(2) Lie algebra1 as A = Aµdx
µ
. On the other hand this 1-form an
also be written as a quaternion funtion in the Pauli basis as A = daµσ
µ
, so that Aµdx
µ = daµσ
µ
,
where daµ is a 1-form and Aµ are quaternion funtions. The 3-dimensional urvature operator
(7) an be written expliitly, using the 3-dimensional omponents Ai of the imaginary part of a
quaternion funtion
ImA(X) =
1
2
(f(X)dX − f(X)dX) (9)
Therefore, it is possible to to obtain the quantum urvature (7) by speifying a quaternion funtion
expressed in the Pauli basis (2). As an example, onsider the quaternion funtion
f(X) =
X¯
1 + |X|2
(10)
and its quaternion onjugate f¯(X) = X/(1 + |X|2), we may obtain self-dual (instanton) and anti-
self-dual (anti-instanton) SU(2) gauge elds respetively, dened by F∗ = ±F . In fat, replaing
the above funtions in (9) we obtain
ImA(X) =
1
2
(
X¯dX − ¯dXX
1 + |X|2
)
(11)
and the gauge urvature
F(X) =
¯dX ∧ dX
(1 + |X|2)2
(12)
This an be readily veried to satisfy the anti-self-dual (anti-instanton) ondition [16℄. More speif-
ially, writing X = xµσµ and dX = dx
µσµ in (11), then we obtain
A(X) =
−xidx0 + x0dxi
1 + |X|2
σi = A0dx
0 +Aidx
i
(13)
where
A0 = −
xiσi
1 + |X|2
and Ai =
x0σi
1 + |X|2
(14)
are the omponents of the SU(2) onnetion 1-form. Replaing the omponents Ai in (7) we obtain
the quantum quaternion exponential urvature operator generated by an anti-instanton
Rˆ(A) = Pe
i~σi
H
γ
x0
1+|X|2
dxi
, i = 1..3 (15)
By taking the quaternion onjugate of (10) we obtain the self-dual (instanton) solution.
1
Using Greek indies for spae-time, the orresponding Yang-Mills urvature is a 2-form F = 1
2
Fµν dx
µ
∧ dxν
where Fµν = [Dµ,Dν ], Dµ = ∂µ +Aµ. The potential Aµ is a solution of the Yang-Mills equations D ∧ F
∗ = −4πJ∗
and D ∧ F = 0, where F∗µν = ǫµνρσF
ρσ
denotes the omponents of the dual F
∗
.
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Conluding Remarks
In general relativity the observables of the gravitational eld are assoiated with the eigenvalues of
the urvature tensor. Therefore, the quaternion expression (7) may represent an observable eet
of the gravity indued by the quantum SU(2) gauge eld. Suh quantum eets should be observed
at the same eletro-weak energy level of the generating gauge potential (at the Tev sale), so that
in priniple it an be experimentally veried at the LHC in the form of small variations of the
Minkowski zero urvature at the quantum sale. However, suh result strongly ontrasts with the
hypothesis that the disrete struture of the standard loop quantum gravity is dened at the Plank
sale.
As it was noted, quaternion loop quantum gravity diers fundamentally from the standard loop
quantum gravity, beause in the quaternion approah the existene of a lassial bakground, the
spae-time geometry, is given by Einstein's theory. In a sense the quaternion loop quantum gravity
is a less ambitious program than the standard loop quantum gravity proposition. Here the lassial
dynamis of the gravitational eld is given by Einstein equations, providing the foliation of spae-
time by 3-dimensional hypersurfaes. However, we also obtain a quantum gravitational omponent,
given by the Wilson urvature (7) whih is eetive only at the quantum sale, as derived from the
time dependent SU(2) Yang-Mills gauge eld equations.
As a nal remark, we may add that the quaternion loop quantum gravity does not depend on
the onstrution of a gravitational Hamiltonian or, indeed of a traditional anonial formulation.
Therefore it seems that it is possible to maintain the dieomorphism invariane of the lassial
theory, even with the 3+1 deomposition of the spae-time. This has been also suggested in the
traditional loop quantum gravity, although admittedly it is far from obvious [17℄.
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